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Abstract. We study decay of correlations, the asymptotic distribution of 
hitting times and fluctuations of the return times for a robust class of multidi- 
mensional non-uniformly hyperbolic transformations. Oliveira and Viana |15| 
proved that there is a unique equilibrium state fi for a large class of non- 
uniformly expanding transformations and Holder continuous potentials with 
small variation. For an open class of potentials with small variation, we prove 
quasi-compactness of the Ruelle-Perron-Frobenius operator in a space Vg of 
functions with essential bounded variation that strictly contain Holder con- 
tinuous obscrvables. We deduce that the equilibrium states have exponential 
decay of correlations. Furthermore, we prove exponential asymptotic distribu- 
tion of hitting times and log-normal fluctuations of the return times around 
the average h^f). 



1. Introduction 

Given a measure preserving discrete dynamical system it follows by earlier work 
of Poincare that the orbit of almost every point will return to any arbitrary small 
neighborhood of it. Return times are strongly related to the complexity of the 
dynamical system and, in many cases, the entropy coincides with the exponential 
growth rate of the return times to decreasing sequences of nested sets. A related 
concept is the one of hitting times. Typical orbits will eventually visit any positive 
measure set with some frequency which coincides, in average, with the measure of 
the set. In particular return times reflect both hitting times statistics and the rate 
at which the system is mixing. Some questions that naturally arise are: 

1. What is the distribution of the hitting times of the system when one considers 
sets of arbitrary small measure? 

2. How do return times oscillate around their average? 

In general, an answer to these questions involves a deep knowledge of the system's 
chaotic features (expressed in terms of mixing properties) combined with informa- 
tion on the measure of sets in small scales. For the later it is usually enough the 
invariant measure to satisfy some local equilibrium property. 

The study of hitting and first return times and their connection with hyperbolic- 
ity, speed of mixing and dimension theory achieved many recent developments and 
became an important ingredient to characterize the statistical properties of dynam- 
ical systems. Some of the first attempts to understand possible phenomena in a 
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hyperbolic setting include works by Pitskel [15], for transitive Markov chains, by Hi- 
rata [T3] for Axiom A diffeomorphisms and by Collet [7] in the context of expanding 
maps of the interval with a spectral gap, where they proved that the distribution 
of hitting and return times is asymptotically exponential. The extension of these 
results beyond the scope of uniform hyperbolicity is as a challenge and gained spe- 
cial attention in the few past years following the recent interest and developments 
on the thermodynamical formalism for nonuniformly hyperbolic transformations. 
Nevertheless, and despite the effort of many authors, a general picture is still far 
from complete. Some recent contributions among many others include works by 
Collet, Calves [6] on maps of the interval with indifferent fixed points; Galves, 
Schmitt [TU] for systems satisfying a (,5-mixing condition; Haydn [TTJ [TJ] for Julia 
sets of rational maps; Hirata, Saussol, Vaienti [14 on Poissonian laws for multiple 
return time statistics for some non hyperbolic maps of the interval; Paccaut [18] on 
weighted piecewise expanding maps of the interval; Abadi pQ for a-mixing station- 
ary processes; Collet [8] on Poisson laws for non-uniformly hyperbolic maps that 
admit a Young tower; Bruin, Saussol, Troubetzkoy, Vaienti [4] on the return time 
statistics via inducing; Saussol, Troubetzkoy, Vaienti [21j on the relation between 
recurrence, dimension and Lyapunov exponents; and Bruin, Todd [5] on interval 
maps with positive Lyapunov exponent, just to mention some of the most recent 
advances. In particular, there are several evidences of an intricate relation be- 
tween the asymptotic behavior of the distribution of hitting times and the memory 
loss of the system expressed in terms of good mixing properties. Finally, return 
time statistics are also useful to study the fluctuations of the return times in the 
Ornstein- Weiss formula for the metric entropy (see |16]). In fact, it follows from the 
work of Saussol [5D] that there is a strong connection between fluctuations of the 
return times and the fluctuations in the Shannon-MacMillan-Breiman's theorem, 
which are easier to study if the invariant measure has a Gibbs property. 

Here we deal with a robust class of multidimensional non-uniformly hyperbolic 
transformations introduced by Oliveira and Viana in [15) . that contain maps ob- 
tained as deformations by isotopy from expanding transformations as the ones 
considered in [2[ Appendix]. Despite the existence of a (possibly non-generating) 
Markov partition many difficulties arise from the multidimensional character of the 
system and the absence of bounded distortion. Oliveira and Viana developed a 
thermodynamical formalism to show that there is a unique equilibrium state for 
every Holder potential with small variation and, moreover, that is satisfies a weak 
Gibbs property. Our starting point to study the asymptotics of hitting and return 
times as statistical properties of the equilibrium states is to estimate the decay of 
correlations. That is, the velocity at which 



tends to zero as n — > oo for any observable \t and \P in some reasonable space 
Vg of functions with essential bounded variation, that contain Holder continuous 
observables and characteristic functions at cylinders of the partitions generated 
dynamically by the dynamics. For a related of potentials, we show that the Ruelle- 
Perron-Frobenius operator has a spectral gap in Vg and deduce exponential decay 
of correlations and the central limit theorem. This mixing property is enough to 
obtain exponential return time statistics. Finally, a weak Gibbs property for the 
equilibrium states allow us to relate return time statistics with fluctuations of the 
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measure of elements of dynamical partitions and return times around the metric 
entropy given by Shannon-MacMillan-Breiman and Ornstein- Weiss formulas and to 
obtain log-normal fluctuations of the return times. Let us point out that exponential 
return time statistics and log-normal fluctuations of return times are robust in this 
nonuniformly hyperbolic setting. Our approach to obtain exponential return time 
statistics, although similar in flavor with [18] and [10], faces distinct difficulties 
that arise from the non hyperbolicity of the system. While the cornerstone in [18] 
was the non-Markov property of partitions defining piecewise expanding maps of 
the interval, our main difficulties lie in the lack of bounded distortion and that 
the diameter of cylinders in the Markov partition may not decrease to zero. For 
the sake of completeness, let us mention that Arbieto and Matheus 3] proved 
exponential decay of correlations the equilibrium states constructed in [15] but 
considered different classes of potentials and observables. 

A very interesting question is to obtain exponential return time statistics to balls 
instead of cylinders. Although this is possible to obtain for several cases in the one- 
dimensional setting, the study of return time statistics to balls presents itself as a 
major difficulty in this higher dimension setting. If such a result could be obtained 
it is most likely that our results can be extended to the more general context of 
[22] . where [T5] is generalized and no Markov partition is assumed to exist. 

This article is organized as follows. In Section [5] we state our main results. In 
Section [3] we introduce some notations and tools that will be used in the remaining 
of the paper. We prove the quasi-compactness of the Ruelle-Perron-Frobenius op- 
erator in Vg in Section [5] Finally, in Sections [5] and [5] we deal with the asymptotic 
distribution of hitting times and fluctuations of the return times. 

2. Statement of the Results 

2.1. Setting. Let M denote a compact Riemannian manifold. We say that a set 
E C M has finite inner diameter if there exists L > such that any two points 
in E may be joined by a curve of length less than L contained in E. Throughout, 
/ : M — > M will denote a C 1 local diffeomorphism satisfying conditions (HI) and 
(H2) below: 

(HI) There are p > 1, q > 0, and a family Q = {Qx , . . . , Q q , Q q+ i, . . . , Q q + P } 
of pairwise disjoint open sets whose closures have finite inner diameter and 
cover the whole M, such that 

- every f\Qi is a homeomorphism onto its image 

- if f(Qi) n Qj ^ then f(Qi) D Q 3 and, hence, f(Qi) D Qj 

- there is N > 1 such that / (Qi) — M for every i. 
(H2) There are positive constants a > 1 and L > such that 

- \\Df(x)~ 1 \\ < a^ 1 for every x € Q q +i U • • • U Q q + P 

- WDf lx)- 1 ]] < L for every x € Qi U • • • U Q q , 

where L is assumed to be close to be 1 in order to satisfy the relations 
These conditions, which roughly mean that the transformation is expanding in 

some (topologically) large region of M but may admit contracting behavior in the 

complement, are satisfied a large class of local diffeomorphisms obtained by a local 

bifurcation of an expanding transformation. 

We will denote by <f> : M — ► R an a-H61der continuous potential with small 

oscillation, in the sense that it satisfies 

(H3a) sup0 — inf <f) < logdeg(/) — logq. 
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and condition (H3b) stated at the beginning of Subsection 14.21 These conditions 
are clearly satisfied by an open class of potentials containing the constant ones. 
Note that (HI), (H2) and (H3a) are the assumptions in [T5] , 

2.2. Equilibrium states and conformal measures. Given a continuous trans- 
formation / : M — ► M and a continuous potential <f> : M — ► R, an invariant 
probability measure /x is an equilibrium state for / with respect to <fi if it attains 
the supremum 

Pto P (f, 4>) = sup \h n (f) + J 4> drj : 77 is /-invariant j 

given by the variational principle for the pressure (see e.g. [23 ). The Ruelle- 
Perron-Frobenius operator £<p is the linear operator that acts in the space C(M) 
of continuous functions by 

C <t> g(x) = e m 9(y)- 
f(y)=x 

The action of the dual operator C*^ on the space M(M) of probability measures 
is given by J gdC*^v — J C^gdv for every g £ C{M). We say that a measure v is 
conformal if there exists a strictly positive function J„/ (Jacobian of v with respect 
to /) such that v(f(A)) = J J v f dv for every measurable set A such that / | A is 
injective. It is nor difficult to see that any eigenmeasure v for C*^ associated to a 
positive eigenvalue A is a conformal measure for / and that J v f = Ae~"^. 

A sequence of positive integers (rik)k>i is non-lacunary if it is increasing and 
nk+i/rik —> 1 when k tends to infinity. Consider the partition = Vj=o f^Q 
and let Q n (x) be the element of that contains x. 

Definition 2.1. A probability measure v is a non-lacunary Gibbs measure if there is 
K > so that, for z/-almost every x € M there exists some non-lacunary sequence 
(nk)k>i, depending on x, such that 

k- 1 < V J£*M1 < K 

cxp(-Pn k + S nk (j)(y)) 

for every y £ Q nk (x) and every k > 1. 

Finally, we recall the notion of hyperbolic time introduced in [2] . We say that n 
is a c-hyperbolic time for x £ M if 

n-l 

Yl \\Df(f(x))- 1 \\<e- ck for every 1 < k < n. (1) 

j=n—k 

Since the constant c will be fixed below, according to ©, we will refer to these 
simply as hyperbolic times. We say that Q n £ is an hyperbolic cylinder if n is 

(n) 

a hyperbolic time for every point in Q n . We denote by Q h the set of hyperbolic 
cylinders of order n and by H the set of points that belong to the closure of infinitely 
many hyperbolic cylinders. We say that a probability measure v is expanding if it 
satisfies vilP) = 1. The next theorem summarizes the results by Oliveira, Viana [TS] 
in this non-uniformly hyperbolic setting: 

Theorem 2.2. |15j Assume that f is a C l local diffeomorphism such that (HI) 
and (H2) hold and <f> : M — > R is an Holder continuous potential that satisfies (H3a). 
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Then there exists an expanding conformal measure v such that C*,v = \v , where A 
denotes the spectral radius of the operator Cj, in the space C(M). Moreover, there 
is a unique equilibrium state fj, for f with respect to <f>, it is absolutely continuous 
with respect to v and it is a non-lacunary Gibbs measure. 

Throughout, and v will always denote the probability measures given above. 

2.3. Statement of the main results. First we introduce some necessary con- 
cepts. We consider a one parameter functional space Vg, introduced in [T7], using 
the reference partition Q and the conformal measure v. Given 9 > and g £ L°°{y) 
define the 9- variation of g (with respect to Q and v) by 

vBX 9 {g) = Y, en E e s "W")osc( 5 ,Q„), 

where S n <j>(Q n ) = sup{^™~ 1 <f>(f 3 (x)) : x £ Q n } and osc(g, Q n ) is the z/-essential 
variation of g in Q n defined in Subsection 13.31 Let Vg be the space of functions 
with essential ^-bounded variation: 

V e = {g£L°°(v):\\g\\ e <oc}, 

where || • \\$ — || ■ ||oo + varg(-). Paccaut [T7] proved that Vg is a Banach space. We 
will say that y, satisfies exponential decay of correlations if there exist C > and 
£ £ (0, 1) such that 



for every ^ £ L 1 ^) and every & £ Vg. A linear operator L in a Banach space B 
is quasi-compact if there exists an L-invariant decomposition B = Bq B\ of the 
Banach space such that Bq is finite dimensional and the spectrum of L\b is a finite 
number of eigenvalues of absolute value r(L), and r(L\s 1 ) < r(L). If dim(i?o) = 1 
then we say that L has a spectral gap. Our first main result is the following: 

Theorem A. There exists a positive 9 such that C$ is quasi-compact and has a 
spectral gap in the space Vg. Moreover, /j, has exponential decay of correlations in 
Vg and the density d[ijdv belongs to Vg. 

Fix 9 as above. The previous result implies that the correlation functions are 
summable. Consequently, the asymptotic variance cr 2 (<I>) defined by 

oo 



a 2 (<i>) = ||<i>|| LV) +2^ J *{$ofi)dn 



3=1 ' 

is well defined for every $ £ Vg . Standard computations involving the spectral gap 
property in the previous theorem (see e.g [24]) are enough to obtain the Central 
Limit Theorem: 

Corollary A. Assume that $ € Vg and that the asymptotic variance cr 2 (3>) is 
nonzero. Then the distribution of the random variables 

n-l 



' " ' $ o f 3 - I $ d/j, 



converges to the normal distribution Af(0, 1) as n tends to infinity. Moreover, 
cr(<l>) = if and only if there exists a measurable function $ such that $ = <I>o/ — $. 
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Our next aim is to study the asymptotics of hitting times. Given a set Q consider 
the hitting time tq defined as 

t q (a) =inf{fe> 1 : f k {x) e Q}. 

We study the deviation of the hitting times from its average given by Kac's for- 
mula: J tq dn — ^(Q)^ 1 . Indeed, we use that the potential <j> belongs to Vg (see 
Lemma |4.9|) and the good mixing properties to show exponential return time sta- 
tistics for the hitting time of most cylinders. 

Theorem B. There are positive constants K and (3, and for every e > there 
exists N e > 1 such that the following holds: for any n > N e there exists a subset 
<2e™^ of n-cylinders satisfying 

(1) M(U{Q„:Q„eQi n) })>l-e; 

(2) For every Q e Q ( e n) 

»( Tq> Jq))-' 



sup 

t>0 



< Ke~ pn . 



This theorem asserts that the distribution of the hitting times is asymptotically 
exponential and that the convergence is in a strong sense for the majority of the 
cylinders. This is very useful to study the fluctuations of the return times around 
the average in Ornstein-Weiss's theorem. Since \i is ergodic, if n > 1 and 

R n {x) = mi{k >l:f k (x)e Q (n) (x)} 

denotes the nth return time map then Ornstein-Weiss's theorem asserts that 

hu{f,Q)= lim — log i?„ (x) , for /i-a.e. x. 

n — >oo n 

We shall see later on that the diameter of Q n (x) tends to zero as n — > oo at fi- 
almost every x, which shows that Q is a generating partition for /i. We study the 
fluctuation of the random variables logi?„ around the average nh^{f). 

Theorem C. Assume that o~ 2 (4>) is positive. Then the following convergence in 
distribution holds: 

where jV(0, 1) denotes the standard zero mean Gaussian. 

3. Preliminaries 

In this section we recall some necessary concepts that will be used later on. The 
reader may choose to omit this section in a first reading and to come back here 
when necessary. 

3.1. Hyperbolic times. Here we collect some results from Section 3 and Section 4 
in [TS] (see also [23), whose proofs we shall omit. Fix e > such that sup</> — 
inf (f> < logdeg(/) — logq — £o and set P = log A. 

Proposition 3.1. There exists 71 > such that the measure v{Q n ) < e~ 71 " for 
every cylinder Q n £ . There exists 7 € (0, 1) and c 7 < \ogq + £0 such that the 
cardinality of cylinders in 

B(n, 7 ) = {Q n £ fiW I #{0 < j < n- 1 : f j (Q n ) C & U • • • U QJ > jn} 
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is bounded from above by exp(c 7 n) for every large n. Moreover, the measure 
v{B{^f,n)) decreases exponentially fast as n — > oo. 

We are now in a position to state the precise condition on the constant L > in 
(HI) that is chosen in a different way from [15 . Pick c > such that 

cr~ (1 ~ 7) < e~ 2c < 1 and log<? + ca + e < logdeg(/), (2) 

where a > denotes the Holder exponent of the potential <j>. Assume that L is 
sufficiently close to one such that (logL) 2 < 2c 2 , 

--( 1 -t)L 7 < e~ 2c < 1 and sup</> - inf < logdeg(/) - logg - to logL. (3) 

Lemma 3.2. |15| Lemma 4.4] There exists t € (0, 1) such that, for any n > 1 and 

any x £ B(-/,n), there exists I > rn and integers 1 < ni < • • • < n\ such that x 
belongs to the closure of an hyperbolic cylinder Q ni € Q?* for every i = 
Furthermore, r > 2c/^4 where A = logL. 

Since < r < 1, our choice of c in guarantees that \ogq + era + Eq < 
logdeg(/). The following lemma asserts backward distances contraction and a 
Gibbs property at hyperbolic times. 

(n) 

Lemma 3.3. Given Q n S Q h , 1 < j and x,y in the closure of Q n , 

d fn - HQn) (f n -i(x),P~3(y)) < e-^diam(Q). 
Moreover, there exists K > (independent of n) such that every y € Q n satisfies 

K- 1 < ^ < K. 

exp(-Pn + S n 4>{y)) 

As an immediate consequence we obtain that the diameter of most cylinders 
decrease exponentially fast. More precisely, 

Corollary 3.4. The diameter of every cylinder Q n ^ B(n) satisfies 

diam(Q„) < e - CTn diam(Q). 

Proof. Given Q n ^ B(n), there exists a positive integer k > rn such that k is a 
simultaneous hyperbolic time for every point in Q n . By the mean value theorem 

diam(Q„) < e" cfc diam(/ fc (Q„)) < e~ CTn diam(Q), 

which proves the corollary. □ 

Remark 3.5. Observe that #Q(") < #Q deg(/) n_1 for every positive integer n, 
as an easy consequence of the Markov property and that every point has deg(/) 
preimages. Indeed, given n €E N, the Markov assumption on Q implies that = 
r n+1 {Q). On the other hand, given Q e Q, f~ n (Q) is the union of deg(/) n 
cylinders. This shows that #Q^™^ < #Q deg(/) n for every n > 1. 

We say that a measure rj is exact if every element in the tail sigma-algebra 
Br^ — rij>o/ _: 'S is 7/-trivial in the sense that it has measure zero or one. 

Lemma 3.6. fi is exact. 

Proof. This is a direct consequence of [22] Lemma 6.16]. □ 



3.2. Weak Gibbs property. Since fj, is absolutely continuous with respect to v 
and the density d[ijdv is bounded away from zero and infinity (see |15j). then 
satisfies the non-lacunary Gibbs property. Here we establish a criterium that relates 
the decay of the first hyperbolic time map with a weak Gibbs property similar to 
the one introduced by Yuri [25 . Let n\ denote the first simultaneous hyperbolic 
time map. 

Lemma 3.7. There are almost everywhere defined function (K n ) n >i such that 

K~\ X )< J^L— <K n{x) 
exp{-Pn + b n (f>[y)) 

for v -almost every x and every y G Q n {x), and 

u(x E M : KJx) > a(n)) < n Jx € M : nAx) > loga ( n | V 
V / V P + sup\(p\y 

In particular, \im n i log K n = almost everywhere. 

Proof. The proof of this lemma goes along the same ideas in [T^l Lemma 3.12]. 
Given n S N and x e M set K n (x) — i\ exp[(P + sup |0|)(n i+ i(a;) — rii(x))], 
where i is a positive integer such that rii(x) < n < rii+i(x) and rij denotes the 
ith simultaneous hyperbolic time map. It is not hard to show that K n verifies the 
Gibbs relation above. Moreover, 

p(x e M : K n (x) > o(n)) < M (U : n x {r^\x)) > ^^}) 

where we made use of the invariance of /i and that ni(f ni ^ x \x)) > rii + i(x) — riiix). 
The last claim in the lemma is a direct consequence of the decay estimates. □ 

Corollary 3.8. There exists a G N such that fi-almost every x satisfies K n (x) < n a 
for all but finitely many values of n. 

Proof. We use the inclusion {n\ > log a(n)} C B(j, log a(n)). If a e N is large 
enough it follows from the previous result that 

H[x e M : K n (x) > n a ) < nexp ( - — — ^ logn) < n~' 2 , 



P + sup 

which is summablc. Our claim follows directly from Borel-Cantelli's lemma. □ 

This result gives a sufficient condition to obtain sub-exponential growth of the 
sequence (K n (x)) n >i in the weak Gibbs property that will be of particular interest 
for the proof of the log- normal fluctuations of the return times in Section [6l 

3.3. Essential oscillation and variation. In this section we present some basic 
lemmas, needed for the proof of a Lasota-Yorke inequality in Subsection l4.2l Given 
g € L°°(u) and a set E we define the essential oscillation osc(g, E) of g on the set 
E (with respect to v) as 

osc(5> E) = v- ess sup{\g(x) - g(y)\ : x, y G E}. 

Analogously sup(<7, E) and inf(<?, E) will denote, respectively the essential supre- 
mum and essential infimum of g in the set E. The following is an immediate 
consequence of the triangular inequality. 



Lemma 3.9. For every g,h £ L°°(v) and any set E it holds that 
osc(gh, E) < osc(g, E)sup(h, E) + sup(g, E)osc(h, E). 

In the next lemma we give an estimate on the oscillation of the a-H61der con- 
tinuous potential <f> in cylinders with positive frequency of hyperbolic times. 

Lemma 3.10. There exists C$ > such that 

osc(e*,Q„) < C e- cra "diam(Q) Q , for every Q n # B[n). 

Proof. Observe that is an a-H61der continuous function for some positive con- 
stant C$. Therefore, it follows from Corollary [33 that 

| e *(«) _ e *(»)| < C diam(Q„) Q < C 0e - CTQ ™ diam(Q)" 

for every Q n ^ B(j,n) and every x,y £ Q n . This proves the lemma. □ 

The following lemma plays a key role in the proof of the Lasota-Yorke inequality. 

Lemma 3.11. Given a positive v -measure set E and g £ L°°{y), 

sup(#, E) < osc( 5 , E) + — 3— / \g\dv. 

J E 

Proof. Observe that \g(x)\ < \g{x) — g(y) \ + \g(y)\ < osc(g,E) + \g(y)\ for almost 
every x,y £ E. In particular, integrating both sides of the previous inequality with 
respect to y it follows that \g(x)\ < osc(g,E) + ppjy J E \g\ dv for j/-almost every 
x € E. The lemma is now a direct consequence of the previous relation. □ 

Denote by fg k the restriction of f k to the cylinder Qk and observe that it is a 
bijection onto its image. When no confusion is possible we will denote by Q n +k the 
cylinder f Qk (Q n )- 

Lemma 3.12. Given any positive integers k, n and cylinders Qk £ Q( k ' and 
Qn G Q {n) it holds that 

e S n + k <t>(f Q k n (Qn)) < e S„0(Q„) e S fc <M/ Qfc fc (Q„)) < e (sup0-inf0)fe e S„ +fc 0(/ Qfc fc (Q„))^ 

Proof. Fix Qk £ and Q n £ QW. The first inequality is obvious. On the other 
hand, the Markov property implies that f n {Q n +k) = Qk- If x £ Q n , y £ Qk are 
such that attain the maximum values in e" s ™'^ < 3™-' and e Sh ^^ k \ respectively, then 

e S„ +fc <^(Q„ +fc ) > e S n+k <t>U Q k k {x)) = e s k <t>{f Q k k tx)) e s n 4>{x)_ 

It follows immediately that 

e S k <P(Qk) e S„0(Q„) < e S fc 0(y)-S fc 0(/Q fc fc ( a; )) e S„ + fc 0(Q„ +fc ) < e (sup 0-inf 0)fe e S„ + fc 0(Q„ +fc ) 

which proves the lemma. □ 

Since the diameter of cylinders Q n ^ B(n) decrease exponentially fast with n, 
the oscillation of an Holder observable over such cylinders is also decreasing. 

Lemma 3.13. Given k > 1 there exists Cq > (depending on k) such that, if n is 
large enough then 

osc(e 5 ^,/ Qt fe (Q„)) < C sMe Sk ^f Qk {Qn)) e~ CTan . 

for every Q k £ and Q n £ B{n). 

9 



Proof. Let k > 1 and Qk e Q( fc ) be fixed. Since is a-H61der continuous there is 
C > so that 

fc-i fc-i 

\s k <t>(x) - s k <t>(y)\ <j2m j ^))-^f j (y))\ ^"(fw-fwr 

3=0 j=0 

for any x,y £ fc^iQu)- The term in the right hand side is clearly bounded by 

Ck max diam(/ J (Q„+fc)) Q . 

0<j<k— 1 

Recall that < L for every igMby (HI). In consequence, if n is large 

enough then exp(Sk4>(x) — Sk4>{y)) < exp Ck max{l, L k } a diam(Q ra ) Q , which is 

arbitrarily close to zero by Corollarv l3.4l Using that e* < 2t for every < t < 1 we 
deduce that | exp(S k <f>(x)) - exp(S k <f>(y))\ < e s "^ Qn +^ C e~ CTan , where 

Ca(k) = 2C7cmax{l,L fc } Q (4) 

is independent of n. Since x and y where chosen arbitrary this completes the proof 
of the lemma. □ 

4. Spectral gap for the Ruelle-Perron-Frobenius operator 

In this section we prove that the Ruelle-Perron-Frobenius operator has a spectral 
gap in the space Vg of functions of essential bounded variation for special choices of 
the parameter 8. As a consequence we show that the density dfi/dv belongs to Vg, 
and that the equilibrium state fi has exponential decay of correlations and satisfies 
a central limit theorem. 

4.1. Continuity of the Ruelle-Perron-Frobenius operator. For notational 
simplicity we denote the Ruelle-Perron-Frobenius operator simply by C. First 
we show that the operator C is continuous in the Banach space Vg, provided that 
the parameter 9 is small. More precisely, 

Lemma 4.1. jf g e io s dc s(f )+ su P<i> e - CTa < \ then C is a continuous operator in Vg: 
there is a positive constant C such that \\Cg\\g < C||.g||e, for every g G Vg. 
Proof. Let 6 > be such that e l°«deg(/)+ 8 up<£ e -cTa < l Givcn g g Vg we can 
write 

C g {x)=Y J ^ 0fQl{x) 9of Q 1 {x)l }(Q) {x). 
QeQ 

It is clear that H^Hoo is bounded from above by #Q e sup< ^|| g\\oo- Thus, to prove 
the lemma we are reduced to show that there exists a constant C > such that 

vwg(Cg) := J2 ° n E e s ^W")osc(£ 5 , Q n ) < C\\g\\ e , Vg € Vg. (5) 

To bound the term involving the oscillation of Cg notice that, for every Q n € Qy 1 ' 

osc(£g, Q n ) < ^2 osc(e 0o/(5 g ° f Q 1 ,Qn) 
QeQ 

< ]T [osc(e^/ Q \Q„))sup(. g )+sup(e^)osc( ff ,/ Q 1 (g„))]. 
QeQ 
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Now we deal with the sum over elements Q n S Q'"' in {5| by dividing it in two 
parts, according to wether Q n belongs or not to B(n). Since osc(/i) < 2sup(|/i|) for 
every h € L°°(j/) and #5(7, n) < e ( lo g<?+ e r>)n for every large n, 

]T e s "W")osc(£ 5 ,Q„) <# J B( 7 ,n)e su PW"x2#Q|| e ^|| 00 
Q„es(n) 

< C*ie( log9+sup * +£0 )™||g|| oo , 
for some constant C\ depending only on cf> and Q. On the other hand 

^ E E e S ^ (Q " ) [osc(e^/ Q \Q„))Mp(. g )+sup( e ^)c*c( ff ,/ Q 1 (Q„))]. 

Q„0B(n) QEQ 

Lemma 13.101 implies that the right hand side above is bounded by 

C 2 Y, e s ^^ Q ^C^e-° Tcm (e&axaQ) a \\g\\ 0o 



Q„+ieS ( " +1) 
/W»+i)^(«) 



+C 2 £ e^+^W^^osc^^n+x) 
Q„+ieS ( " +1) 

f(Qn+i)£B(n) 

for some positive constant C 2 (depending only on (j>). We deduce that there is 
C3 > (depending on <p, r, a, Q) such that vare(£g) is bounded from above by 
the sum of two terms: 

00 

^e»™[Cie( log9+sup * +eo )™ + C 3 e- crQ ™ e s " +1 * (Q " +l) WgW^ (a) 

™ =1 Q„+ieQ < "+ 1) 

and 

00 

-J20 n+1 C 2 Y e s ^(^osc(g,Q n+1 ). (b) 

n=0 Q„+iSQ("+ 1 ) 

In particular it follows that var#(£g) is bounded by 

C* 2 -var e (g) + \ i C 1 9 n e {losq+sup ' t ' +eo)n + c 3 #Q9 n eS logdc6{f)+suprt > )n -- CTan 



Our choice of the parameter 9 together with the relation log q+cra+eo < log deg(/) 
guarantees the summability of the previous series and proves that C is a continuous 
operator in Vg. □ 



Let us stress out that the proof of the previous lemma yields the existence of a 
constant C > such that varg(Cg) < C^var^g) + C"||g||oo, for every small 9 . 
However, the term |varg(g) increases as 9 gets smaller. In particular, the smaller 
9 is the higher the oscillations that may occur in elements of Vg . 
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4.2. Spectral gap and decay of correlations. Here we prove a Lasota-Yorke 
inequality for the Ruelle-Perron-Frobenius operator. This will finally imply on 
exponential decay of correlations and central limit theorem for the equilibrium 
state. Throughout, let be fixed and such that 

'#glogdeg(/)+inf </> > £ Q > 1 

) glogdcg(/)+2inf 0-sup0 > £ Q > 1 (*) 
glogdeg(/)+sup^ e -CTQ ^ ^ 

Some comments on (*) are in order. Notice that the third condition is the one 
required in Lemma |4. II On the other hand, our choice of the parameter 9 impose 
certain restrictions on the potential <f>. We are now in a position to state our second 
small variation condition on <j): 

sup 4> — hxf <j> < — (ct — log L)a (H3b) 

Remark 4.2. This condition is clearly satisfied by an open class of nearly constant 
potentials. Indeed, by construction, ct > 2c 2 / log L > \ogL. Note also that (|H3bp 
legitimates the choice in (*). 

Let rg{C(j,) and r(C$) denote, respectively, the spectral radius of C^, in the Ba- 
nach spaces Vg and C(M). Since ||£ n l||e > ||£ n l||oo for every n £ N then clearly 

r e (C^) = lim > lim (||^1|U)» > deg(/)e inf 

which proves that deg(/)e * is simultaneously a lower bound for both spectral 
radius rg(£<p) and r(C$). For the time being, let Ao denote any positive number 
larger than deg(/)e lnf< ^. Observe that the previous choice of 6 guarantees that 
6 A > L a > 1 and 6»A e-( su P^- inf > L a > 1. 

Proposition 4.3. There are B\ and £ £ (0, 1) such that, for every large k > 1 
there is B2(k) > satisfying 

var e (X^ k C k g) < B^ k 'varg(g) + B 2 (k)\\g\\ Li(u) . 

Proof. Let k > 1 be fixed and let Qk denote the elements of the partition Q^ k \ 
Observe that 

Q k 

Given g £ Vg, using sup(g, Qk) to majorate sup (5, Q n +k) and Lemma 15. Ill it is not 
hard to see that \aig{\Q k C k g) is bounded from above by the sum of the following 
three terms: 



(A o 0)- fc Y, en+k E E e5 " 0(9 " ) osc(e s ^, Q n+k ) osc( 3 , Q k ), (6) 

"=0 Q n Q k 



oo 



(A o 0)- fc Vr+ fc VVe s "^)osc(e^,Q„ +fc )^- / gdv, (7) 



n=0 



v(Q k ) 



and 



(\ Q ey k Y o n+k E E e s »*«»>e***«»+*> o§c( 5 , g n+fe ). (8) 
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We deal with these three terms separately. First we treat ([S]) by rewriting it as 



oo 



,S„0(Q„) 



[9 k J2 osc(e s ^, Q n+k )osc(g, Q k ) 

7i=0 ~ Q„ ' Q k 

and dividing the sum over elements in Q( n ' according to wether they belong or not 
to B(n). Using osc(g, E) < 2sup(<7, E) it follows that ((6| is bounded by the sum of 
the two following terms: 



(A o 0)- fc ]T[r E ' 

n=0 Q„£B{n) 



S„0(Q„) 



[0 fc ^2sup(e s ^,Q fc )osc( ff ,Q fe ) 



and 



oo 



[e k E Co(fe) sup(e 5 ^, Q k )e~ CTan osc( ff , Q fc )] , 
"=0 Q„0B(n) Qk 

where Co(k) is given by Q in Lemma 13.131 Our choice on 6* yields that the 
two previous terms are bounded from above by Co(fc)(Ao#)~ fc varg(<7) up to finite 
multiplicative constants. The constants involved are 2J2™ =Q (ee logq + snp4 ' +eo ) n and 

Er=o(# el ° sdcg(/)+sup</,e ~ CTQ )"> respectively. 

On the one hand, ([7]) is clearly bounded by H^Hl 1 ^) up to a multiplicative term 
obtained as the sum over all n > of 

Aq k max^Qfe)- 1 6 n E E e s "^") osc(e s ^, Q n+fc ). 

Since the measure v gives positive weight to any cylinder in Qy°\ this shows that 
there exists a positive constant K${k) such that {7} is bounded from above by H^Hl 1 
up to the multiplicative term 

oo 

K (k) E 0n E E e ^ (Qn) osc ( eSfc "> 

n=0 Q„ Q fc 

The part of the sum involving elements Q n G S^™- 1 that belong to B(n) is finite 
because those elements grow exponentially slow compared with the allowed size of 
the oscillations. Indeed, 



E*" E E* 

"=0 Q„GB(n) Qk 



S n <t>(Q„) 



osc(e s ^,Q„ +fe ) < 2#Q (fc) e fcsup *E 



g+sup tp+e<j ' 



is finite. In turn, the sum over elements Q n that do not belong B(n) is also finite 
by Lemma 13.131 

oo 

X>" E E eS " w " )osc ( eS ^^) 

n=Q Q n £B(n) Q k 
oo 

-E " E E eS " 0(Q " )CoeSfc0(Q " +fe)erCTQ ™ 

"=0 Q n £B{n) Q k 



(fc) fcsup0 



E [^ 1o 



g dcg(/)+sup -era] " 



< OO. 



ri=0 
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This shows that ([7]) is bounded from above by \\g\lL 1 up to a multiplicative constant 
B 2 (k). On the other hand Lemma \3 . 1 21 ensures that ((8]) is bounded by 



DO 



(A ^e- (sup ^ inf ^)- fc ^r +fe V e s "+ k4,{Q ^ k) osc(g,Q n+k ) 

< (A o 6»e~ (sup ^ inf ^)- fc var (. g ). 

It follows that va,rg(\Q k £ k g) < Bi£, k vaie{g) + B 2 (k)\\g\\ L i, for a constant £ is 
given by £ = max{(Ao60 _1 , (A 6»e-( su P*" inf log C (fc). Our first and second 

conditions on 9 imply that £ is strictly smaller than one. This completes the proof 
of the proposition. □ 

As a direct consequence we obtain the following: 

Corollary 4.4 (Lasota-Yorke Inequality). There are positive constanst D\, D 2 and 
£i S (0, 1) swc/i i/iai 

for every n > 1 . 

Proof. Let £?i and £ be given as in the previous proposition. Pick fc > 1 such that 
£i := yB\^ < 1 and, for any given n > 1, write n — jk + r where j is a positive 
integer and < r < fe — 1. If one applies Proposition 14.31 recursively and note that 
\q 1 C does not increase the L^)-norm, because v is conformal, it follows that 



var e (A -"£" 5 ) < £ 3 ™e{\« r C r g) + B 2 (k) 



e>o 



Moreover, Proposition 14 . 3 1 also guarantees that 



var e (Ao r £"r) < £ivar e ( ff ) + max B 2 {i) \\g\\i. 

l<l<k 

The corollary is then immediate taking D 2 = maxi<f<(: B 2 {() + B 2 (k) f X^>o£i 
and Dx = B x ^ k . 

□ 

We proceed to prove that the Ruelle-Perron-Frobenius is quasi-compact in the 
functional space Vg for any parameter 9 as above. Since A := r (£,/,) > deg(/)e lnf ^ 
the previous results hold with Ao = A. First we show that the iterates of \~ 1 C ( f, 
are well approximated by operators of finite rank. Let A n be the linear operator 
defined in Vg by 

A n (g) = \- n L n (E u (g\QW)) 

for every g 6 Vg, where E„(- | Qy 1 ') stands for the conditional expectation with 
respect to the partition Q^ n K Since the partitions have finitely many elements 
then it is not hard to see that each A n is a linear operator of finite rank, hence 
compact. In addition, 

Lemma 4.5. There is C > and £i € (0, 1) such that 

\\\- n £ n ~A n \\ e <Ctf. 
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Proof. First we bound the L°°(v) part in || • ||#. Given g £ Vg, 

\\X- n C n g- A n g\\ x = A-"||£"(.g-E( 5 | e w ))|U 

= A -»||£ e (S»*W£ [ ff o/-»-E,( 5 | QW)o/-«]l /n(Qn) || oo . 
Q„ 

Moreover, for any Q n G QW the differ ence between g and E„(<7 | Q^) computed 
over the preimages of /q™ in the term above satisfies 

\gof Q n n (x)-^{g\Q^)of Q ™{ x )\< 7 ^ ) J q \g(f^( X ))-g(z)\du(z)<mc( g) Q n ). 

In particular, we deduce that the L°° term involved in the computation of the norm 
|| • ||e decreases exponentially fast: 

\\\- n C n g- AtfHoo < A-"^ e s ^W")osc( 5 ,g„) < (0A)-"var e ( 5 ). 



The variation term in || • \\g can be bounded analogously, using Lcmma l3.9l as in the 
proof of the Lasota-Yorke inequality. Indeed, 

oo 

var 9 (A- n £ n 5 - A n g) < \~ n E ^ EE e s **< 0fc >osc(e s "*, Q n+k )sup(g n , Q n+k ) 

k=0 Q k Q n 



+ A"" ° k E E e s ^e s ^^osc{g n , Q n+k ), 

where g n = g - E(g | Q(*0) and Q„ +fc = /q"(<2&). Since E„(. 9 | e (n) ) is constant 
over the elements in Q^ n \ clearly osc(g n! Q n +k) = osc(g, Q n +k)- In consequence 
the second term in the right hand side of the sum above coincides with ((8} , which in 
turn is bounded by (A#e~( supc ^~ mf ^')~ n varg(g). On the other hand, the first term 
above can be bounded as in ((6J by C(\6L~ a )~ n va.Tg(g), for some positive constant 
C that does not depend on n, because 

sup(<?n> Qn+k) < sup(<?„, Qn) < osc(g n ,Q n ) + — [ g n dv 

v V°in) jQ n 

and Jq g n dv = 0. In consequence, there exists C > and < £ < 1 such that 

vav e (X- n C n g-A n g)<CC\\gh- 

Since this 0-variation term also decreases exponentially fast as n tends to infinity, 
this completes the proof of the lemma. □ 

An interesting consequence of the previous lemma is that the spectral radius of 
the Ruelle-Perron-Frobenius operator £^ in the Banach spaces C{M) and Vg do 
coincide. 

Lemma 4.6. rg{C t jj) = r(L^). 

Proof. The spectral radius r(C) of the linear operator Cp in the space C(M) of 
continuous functions is clearly greater or equal than deg(/)e mf $ . Thus, the Lasota- 
Yorke inequality in Corollary 14.41 with A = r(C) guarantees that there exists a 
uniform constant C > such that v&rg(\~ n £"g) < C\\g\\g for every n G N. Using 
II • ||i < II ■ | |oo, this proves that there exists a uniform constant C > such that 
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||A n C n g\\g < C\\g\\e for every g G Vg and n e N. In consequence, the spectral 
radius rg(X~ 1 £ ( p) of L$ in Vg verifies 

r g {X~ 1 C ( j 1 ) < 1. 

On the other hand, using once more the conformality of the measure v, we get 

\\X- n r. n l\\g > ||A-"£ n l|U > ||A-"£"1|| L1H = 1 

for every integer n > 1, which proves that rg(X^ 1 C) > 1. The two estimates above 
imply rg(X^ 1 C c f > ) = \^ l rg(Ccj,) — 1, which shows that rg(C^) = A = and 
completes the proof of the lemma. □ 

We are now in a position to prove the quasi-compactness of the operator A~ 1 £ 
and, moreover, that it has a spectral gap. 

Proposition 4.7. rg(A _1 C^,) = 1 and the spectrum a(X^ 1 L ( jf) of the operator 
\~ 1 C ( f, in Vg satisfies 

^(A- 1 /^) C {z e C : \z\ < 1}. 

Moreover, 1 is a simple eigenvalue for X~ 1 £ c f ) , there are no other eigenvalues of 
modulus one and the essential spectral radius r ess (X~ 1 C^ > ) is strictly smaller than 
one. Furthermore, the density d^xfdv belongs to Vg. 

Proof. Using Naussbaum's formula for the essential spectral radius (see e.g. [S] Page 
709), which asserts that 

fcsslA -1 /^) = lim (inf{|| A~"£" — L\\g : Lis compact operator })«, 

n — >oo 

and Lemma 1431 it follows that r oss (A _1 £0) < £i is strictly smaller than one. Hence, 
there is only a finite number of eigenvalues with finite-dimensional eigenspaces in 
{z 6 ct(A _1 £) : \z\ > r css }. Since rg(X^ 1 C c j i ) = 1 there must exist some eigenvalue 
on the unit circle, and we can write 

x- 1 c 4> = n 1 + zIl z + L 

1*1=1 



where IIz denotes the projection on the subspace associated to the eigenvalue z € 

J 3 



and r(Lo) < 1. Using that X^? = o z-' is uniformly bounded in norm for every n it 



follows that 

n—l 



0. 



3=0 

On the other hand, using || • \\g > || • \\oo > \\ ■ Wl 1 ^) °ne gets 

n—l n—l 

II- E ^fyWe ^ II- E ^'^ILh = 1» fOT ™ery n e K 

7=0 j=0 

This shows that 111 is nonzero and that h = LTi (1) is an eigenfunction for X~ 1 C ( f } 
associated to the eigenvalue 1. Up to a normalization in L x (y) it is not difficult to 
see that fi — hv is an /-invariant probability measure: for every g € C (M) 



J gofdfi = J X 1 £ ( f,(g o fh) dv = J X 1 L<p{h)gdv = j 



gdfi. 



Since jl is absolutely continuous with respect to v then it is an equilibrium state. 
By uniqueness of the equilibrium state, ft must coincide with fj, and, in particular, 
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dfi/dv = h belongs to Vg. In fact the same argument yields that 1 is a simple 
eigenvalue, thus, the only eigenvalue of modulus one. 

It remains only to rule out the existence of other eigenvalues of modulus one 
distinct from 1. Let z £ C and h! £ Vg be such that X~ 1 £ ( ph' = zh! and \z\ = 1. 
Since h is bounded from below by some constant C\ > the function ip defined by 
h' = hip belongs to L 2 (yP) because H^Hl 2 ^) < ||^'|loo/Ci < 00 ■ The Koopman op- 
erator U : L 2 (fi) — > L 2 (n) acts on each g £ L 2 (fi) by U(g) = go f. By construction 
ip is an eigenfunction for the dual operator U*. Indeed, U*(ip) = zip because 

(U*ip)gdn = J ip(gof)dfi= J h'(gof)dv=J A -1 C^h! '(go /)) dv = J " (zh')g dv. 

In consequence, ip — z n U n (ip) = z n (ip o /") is measurable with respect to the 
sigma-algebra f~ n (B) for every n > 1. Since // is exact (recall Lemma [3.6[1 then 
V 1 must be constant, which proves that h! belongs to the subspace generated by h 
and consequently 2 = 1. This shows that 1 is the only eigenvalue of modulus one 
and completes the proof of the proposition. □ 

Corollary 4.8. There are C > 0, £ <E (0, 1) such that every $ £ L x (v) and * £ Vg 
satisfy C7„($,tf) < CTH* ||e||$IUi(„) ■ Moreover, 

KQk n r n (Q0) - n{Q k )n(Qi)\ < ccKQi) 

for every n > 1 and every pair of cylinders Qi £ QS 1 ' and Qk £ ■ 
Proof. Given $ £ L l (v) and * e Vg, 

J $(* o / n )d,u = J o /")oV = /" (A-"£ n )($/i) * 



for every n > 1. Hence, 



/ 



(\- n C n )(^h) - h / (<&h)dv 



^ dv 



< 



(\- n £ n )($h)-h (>S>h)dv ||*|| L i H 



Since ft. J (&h) dv is the projection of $h in the one-dimensional eigenspace associ- 
ated to the eigenvalue 1 it is a consequence of the spectral gap that the previous 
term is bounded by C^ n || x I , ||e|| < i>||Li( t/ ). On the other hand, the second claim is an 
immediate consequence of the first one provided that we show that the character- 
istic function 1q of a cylinder Q £ Qw belongs to Vg. Since osc(-) < 2sup(-), it is 
clear that 



var e (l Q ) = E r E e s »« Q ~hm(l Q , Q n ) < 2 £ 

n>0 Q n 



o SUp0\Tl 



n>0 



is finite. In consequence ||lq||e = 1 + varg(lq) is also finite, which proves our claim 
and finishes the proof of the corollary. □ 

Finally, to complete the proof of Corollary [5] it is enough to prove the following: 



Lemma 4.9. Vg contains the space of a- Holder observables. 
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Proof. Let g be an a-H61der continuous observable. Since ||<7||oo is finite it remains 
to estimate varg(g). Indeed, dividing the sum of the elements in according to 
wether they belong to B{n) or not, it is not hard to check that there is C g > such 
that 

var (.g) < 2||ff||oo ^ 9 n #B(n)e sap<t,n + C g ^ 6 »« e (iogdcg(/)+su P 0- C r Q )n^ 

n>0 n>0 

This proves the lemma. □ 

5. Exponential distribution of hitting times 

In this section we combine ideas from [TU] and [TH] with the weak Gibbs property 
and the strong mixing properties of the equilibrium state fi to study the hitting 
times asymptotics in Theorem [Bj For notational simplicity, given Q S Qy 1 ' we set 

The strategy to prove Theorem [B] is to consider a large subset Qe of n-cylinders 
such that <7q(a/ h(Q)) behaves essentially as exp(— for every Q e and to 
explore the strong mixing property of [i to obtain many instants of independence. 
We will need some preliminary results. 

Lemma 5.1. [101 Lemma 2] For every measurable set E and all positive t, 

,{r E <^)<t + ,{E)- 
If 7i > is given by Proposition 13.11 then we have the following: 

(n) 

Lemma 5.2. There is K > such that for any e > there is a subset Ql of 
n-cylinders of measure at least 1 — e and satisfying 



e -Vma+Ke-" n/2 ) < 5Q (^(Q)) < e -VMQ)(l-^- T1 " /2 ) ( 9 ) 

for every Q € Qe and every large n. 

Proof. First observe that if n is large enough and Q € arbitrary 



logg Q (^4Q)) = - log [l - M (r Q < 



2 

M (Q) y 1 rv* - fi(Q) ). ■ 

Then Proposition 13.11 and Lemma 15.11 imply that the later sum is bounded from 
above by v //x(Q)(l + Ke^ 171 / 2 ) for some positive constant K, which proves the 
lower bound in §§§ . 

(n) 

In the other direction, let Q £ be the family of n-cylinders that have no self 
returns in the time interval [1, £n] for some £ > 0: the n-cylinder Q belongs to Qe 
if P(Q) does not intersect Q for every 1 < j < (n. Any element in \ has 
short recurrence and is completely characterized by C n cylinders of the partition 
Q. Consequently, #[Q (ll) \ Q^] < (#Q) C " for every n. In particular, if C = CO) 
is chosen small enough then 

/x( U {Q € Q {n) : Q # Qi n) }) < (#Q) c "e-^ in < e 
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for every large n. We claim that every Q <= Qe verifies the upper bound in 
On the one hand 



-logs Q (V£(Q)) > l-g Q {Vm) =/^(tq < ^f)- 
Following 10, Lemma 3] and jT5J Lemma 5.3], one gets 



Ml T Q 



< 



> 



t 2 + + t) + t(l + Ke~^ n ) 

(n) 

for every Q £ fi E . Together with the previous inequality this shows that 



iog 5 Q(VMQ))> 



which is larger than v/ //(Q)(l — if e T 1 ™/ 2 ). This completes the proof of the lemma. 



□ 



The strong mixing property of /i guarantees some independence of the system. 
Lemma 5.3. There exists C >0 such that if n > 1 is sufficiently large then 



sup 



sq(Vm(Q) + s) - g Q (VJ4Q))9 Q (s) < C M (Q) 3/4 



for every cylinder Q £ Q( n > . 

Proof. This proof is similar to the one of [181 Lemma 5.4], which explores the 
strong mixing properties of the system. We include a brief sketch of the proof for 
completeness reasons. 

Let Q be any fixed cylinder of Q'"'. Given positive t, s and a small A (to be 
chosen later on), by invariance of /i it follows that \gQ(t+s)~ gci(t) <?q(s)| is bounded 
from above by the sum of the following three terms: 



v(t q i [C 



(t) h(t q i [A, 



u 



and 



KQ) KQ) 



>(*) 



A, 



KQ) KQ) 

t + s 



KQ) 



i(t q i [0, 



KQ) 



(10) 
(11) 
(12) 



Since (TJTT|) is the measure of the set of points that do enter Q in the time interval 
[j^jt'^Qj + A] then it is bounded by Afi(Q). Similarly, (fT2"|) is also bounded 
by A[i(Q). For the remaining term, computations analogous to the ones in [181 
page 356] guarantee that 



d) = I J 91 (.92 ° / A+1 ) d/z - Jgid^ J g 2 d/x| < C£ A+1 | 



Si||e||ff2||i, 



where 



.91 



l Q c -(A-^qc) 1 ^)^) and 52 



3y]-A-l 

n 

3=0 



1!) 



and Cq(g) stands for £((?1q). Clearly h G Vg, because h G V$ and h is bounded 
away from zero. Observe that H52II1 < 1 an d that || A -1 /!/!^ = ||/i||oo is finite. 
Hence, using that vare(/i/ 2 ) < var e (/i)||/ 2 ||oo + var e (/ 2 )||/i||oo then 

1 



l Q .-(\- 1 C Q .) [ ^m\h) 



var e (-) l Q c(\- l C Q c) [ ^{h) 



var e (l Q c (\- l £ Q c)^(h)) 



1 + vareil (A - £ 



-Q 



for some positive constant C". To estimate the term in the right hand side above 
we use (7) in page 358 of [18]: for every N > 1 

N-l 

r=0 0<i+j<N-2 

where B i;j = Q H / _1 (Q C ) n • • • n f- N+i +J+ 2 (Q c ) n /- Ar + i +^+ 1 (Q) is a cylinder of 
order n + N — i — j — 1 contained in Q. So, using the Lasota-Yorke inequality it is 
not hard to obtain 

vai e (\- N £%c(h)) < C"(N + N 2 )vsir e (h) 
for some positive constant C", and shows that 

A+m , o^/r * 12) < C(i(Q)i 



\9Q(t + - ff0 (t) <?q(s)| < 2A/x(Q) + C^ +i (l + 2C" 



V(Q) J 



for some C > provided that t = y/fi(Q), s > yfji(Q) an d A = 4 • This 

completes the proof of the lemma. □ 



We finish this section with the following: 



Proof of Theorem^ Let t > 0, n > 1 and e > be fixed, and let Qs be as in 

the previous lemma. Take Q £ and set k — [ , * 1. The strategy is to divide 

Vm(Q) 

the estimate on the distribution of the entrance time gq(t) in blocks where some 
independence holds. Write t = k^J fi(Q) + r, with < r < y /AQ)> an d note that 

>(*) - e-*| < | 5Q (i) - g Q {k^m)\ + \g Q {k^($)) - .g Q (VMQ)) fc 

+ -e- fc \ / ^| + |e- fe V^Q) _ e -*|. (f) 

The last term in the right hand side above is clearly bounded from above by 
2y /^(Q), while we can use the invariance of /i to get 

t 



KQ) 



which is bounded by y/ n(Q) + according to Lemma 15.11 Since Q belongs 

to then © holds and the third term in (f) decays exponentially fast with n 

20 



because it is bounded from above by 



2k 



log 9q(\/KQ)) ~ VMQ)J [9Q{^W)) k + e- fc VM(Q) 



Finally, we deal with the second term in the right hand side of (+). Indeed, it is 
not difficult (see e.g. [101 Lemma 6]) to use induction in Lemma 15.31 and obtain 

m(Q) 3/4 



< c 



i-sq(VMQ))' 



(13) 



satisfies 



Using the last inequalities in the proof of Lemma 15.21 every Q £ Q e 
1 ~ 9q(V m(Q)) > V A t (Q)(l — Ke~ 7in ), which guarantees that the second term in 
(f) satisfies 



,(fc V / MQ))-3Q(VMQ)) fc 



< 



(Q) 3/4 



<fi(Q) 



1/4 



vV(g)(i - Jfe-w) 

and decreases exponentially fast with n. This completes the proof of the theorem. 

□ 

6. Fluctuations of the return times 

This section is devoted to the proof of Theorem O We explore the exponential 
asymptotic distribution of hitting times, the weak Gibbs property of /i and the 
Central Limit Theorem to obtain the log-normal distribution of the return times. 
The following relation between hitting times and return times, similar to Lemma 4.1 
in [18] , is a consequence of the good mixing properties for ji. 



Lemma 6.1. Let (t n ) be a sequence such that linin^oo t n /n 



The 



lim 

n — >oo 



0. 



Proof. Since 

fi(R n >t)= J2 n { T Q > *}) 

Q6QW 

we will estimate the differences /z(Q n {tq > t}) — ^(Q)^(tq > t) for elements 
Q £ Q("). In fact, given k < n < r < t and Q £ write 

(*) = n(Qn{r Q > t}) - h{Q)v{tq > t) 

< i i{QC\{T Q >t})-ii(QC\T Q £ : [r,t]) (14) 
+ MQHtq i [r,i\)-f,(Q)n(T Q i [r,t]) (15) 



+ H(Q) m(tq i [r,t])-n(r Q > t) 



(16) 



It is clear that (fl"B| coincides with /i(Q)ij,(tq < r), which is bounded from above 
by rfj,(Q) 2 , because ^{tq < r) < /ii(Uj< r / _J Q). Moreover, by exponential decay of 
correlations 

\m\ < |/x(Qn/- r (n^or^Q c ))-M(Q)M(r r (n*3r J '(Q c )))l<^ r - 

On the other hand, | ([T4"|) | is bounded from above by Y^=o ^(Q n f~HQ))- To deal 
with this last term we will consider differently wether Q belongs to the set i?<fe of 
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n-cylinders such that there exists < i < k so that f~ l (Q) (1 Q 7^ 0, or not. In fact, 
summing up over elements in Q(") and using the exponential decay of correlations 
it follows that 

r r 

£ l(mi< E i>(Qn/-'(Q)) + £ £MQnr->(Q)) 

Qe<2<™> QeE <k j=o QeE° <k j=o 

r 

<ME <k )+ £ £[W+MQ)]MQ) 

QeE- <k j=k 
<r n(E <k )+r[K'Z k +e-^ n ] 



where K' is a constant that involves the constant K from decay of correlations and 
an upper bound for Ijlglie- Using that ^i(E < k) < ^Q^e -71 " and the previous 
estimates we obtain 

£ |(*)| < re-~< in + K#Q^C + r ^Q^e~^ n + r[K^ k + e -71 "]. 



The previous inequality holds for r(n) = min{i n ,n 2 } and k(n) 
fact, we get 



71 



2 log dcg(/)' 



111 



< n 2 e-^ n + K#Qdeg{f) n C (n) + n 2 #Q e - 71 "/ 2 + n 2 [K'^ + e 



The expression in the right hand side above tends to zero as n — * 00. Indeed, 
note that the second term in the right hand side above tends to zero because 
r(n)/n — > 00, by construction. This completes the proof of the lemma. □ 



Proof of Theorem [0 Let <fi be an Holder continuous potential as above such that 
cr = <j{4>) > 0, and fix e > arbitrary small. Given t € K and n > 1 

-logi?„ - n/i Jli (/) 



V er-v/n / 



= £ n i T Q > e nh ^ f) e at ^}). 

Let Qe™-* be the family of cylinders given by Theorem El Since U{Q € Q^} has 
/i-measure at least 1 — e and the first entrance time tq of every cylinder Q £ Q £ 
has exponential distribution up to a small error, then 

^ logfl n -nM/) > ^ = £ A1 (g) Ai ( TQ >e"' ! -^e^)+0( e -^) + 0(e). 



This is a consequence of the previous Lemma [6.11 with t n — e nh f»(/)+°'*v«. Since 
e > was chosen arbitrary, to show the log- normal distribution of the return times 
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we are left to prove the convergence 



lim 



e"T dx + 0{e). (17) 



J2 e-^)^ U) ^ 
-QeQ.i n) 

By Lemma [6. 71 and Corollary 13. 81 there is a E N and for /i- almost every x there is 
a sequence (K n ) n (depending on x) satisfying K n {x) < n a for all but finitely many 
values of n and such that 

^r 1 * e M ^ + 11(l) < km 

for every n > 1. Using also p,(U{Q : Q ^ Qe™^}) < £ and /i M (/) + J 4>dp = 
PtopU, 4>) = P, for any p > 

J] M(Q) e -M(Q)e"^ (/) e^ = 



-M(Q(s))e™V(/)e< Tf v^ : 



> e" 



> e" 



U{Q:QeQi '} 
-S n <fi(x) + n J 4>dp 



dp(x) 



t fa 

n(x e M 



> t + p + —=\ogK n (x) 



Since (f> belongs to Vg (recall Lemma and it satisfies the Central Limit Theorem 
(see Corollary |A"]) . taking the limit as n — > oo and p — > we obtain that 



lim inf 



,-/i(Q)e"V(/) e "*v^ 



> 



2 dx — s. 



The upper estimate in (| 1 T[) is obtained analogously. Indeed, for any p > 



*hnU1 <rWn 



< fi(x € {() : Q £ Q '* ' | I < • < 



U{Q:Q£Q{" ) } 

- fJ ,(Q„(x))e nh n (f) e° t - /T; 



dp{x) 



< e ( 



< e ( 



-pa^/H 



H[x G M | e 



( r- AT I -Sn<f>(x) + nf (f)du 

(x[x e m I =— ^ > t + p 

. V <J\/n 



■\ogK n {x)\ + 



taking the limit as n — > oo and p — > one gets 



lim sup 



53 p{Q) e -rt«)e" h " (/ V" R 



< 



1 



e 2 gLt + £, 



which proves the upper bound in (|17j) . The proof of the theorem is now complete. 

□ 
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